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“From a drop of water, a logician could infer the possibility of an Atlantic or a Niagara without
having seen or heard of one or the other..” - Sir Arthur Conan Doyle [1]
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1. Motivation

Circuits of unparalleled complexity operate as an integral part of our daily lives. The flexibility
and diversity of these ubiquitous circuits stimulated curiosity in me from a young age.

This curiosity only grew over the years, and so I decided to learn how to make printed circuit
boards (PCBs) which are used in all electronics. However, while designing specific circuits
such as power regulation, or digital filters, I needed to look up on a website the component
values in order to reproduce the circuit behaviour I desired. [2]

Specifically, I wanted to derive and fundamentally understand the equation provided for a
low-pass filter, which I used in the design of a microphone. A low-pass filter was used to filter
out frequencies higher than 20000 Hz, as the human ear cannot hear at a higher frequency
than that, so it is useless to record higher frequencies.

This led me to dive deeper into how these seemingly arbitrary component values are derived
for specific filter behaviours. After researching and outlining the strong prevalence of math
in this discipline, I finalized my research question:

“How are differential equations used to model and analyze the response of electrical filters?”

This question reflects my desire to understand the mathematical foundations underlying
circuit design, especially in filters.



2. Electrical Circuits

The history of electrical circuits dates back to the early 19th century and is the foundation of
modern technology, utilized in everything from household appliances to complex industrial
systems.

An electrical circuit is a closed loop consisting of passive components through which electrons

can flow.

Closed-loop refers to the existence of a continuous path that allows charge to flow from one
end back to the other end, forming a complete loop.

2.0.1. Quantities

The fundamental quantities in electrical circuits are current and voltage. Current is the rate
of flow of electrons, measured in amperes (A), whereas Voltage is the force that drives the

current, measured in volts (V).

In addition to current and voltage, the following are key electrical quantities that will be

mentioned.
QUANTITY AND SYMBOL UNITS DESCRIPTION
Voltage (v) Volt (V) Potential difference between two points
Charge (Q) Coulomb (C) Amount of electric charge
Flux (¢) Weber (Wb) Time integral of voltage
Current (7) Ampere (A) Flow of electric charge
Resistance (R) Ohm (2) Opposition to a flow of current
Inductance (L) Henry (H) Opposition to a change in current
Capacitance (C) Farad (F) Opposition to a change in voltage

Table 1: Electrical Quantities

2.0.2. Current types

Electrical circuits can run on either direct current (DC) or alternating current (AC). In DC,
electrons flow consistently in one direction only. Whereas in AC, the flow of electrons period-
ically switches direction, thus alternating. [3]

So, AC voltage can be characterized by its sinusoidal pattern. The frequency of this oscillation,
typically 50 or 60 Hz in most countries [4], determines how many times per second the current
changes direction. This nature allows us to model AC voltage using the sine function.
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Figure 1: Function of an AC wave at 220v and 50Hz
v(t) = 220sin(1007t) (1)
This equation takes the general form
Asin(wt — ) (2)
Where A is the maximum amplitude of the wave.
Angular frequency, denoted as w, is related to the regular frequency f by the equation.
w=2rf (3)

Here, f is the frequency in hertz (Hz), which measures the number of oscillations per second.
The factor 27 converts this into radians per second, which is useful for describing oscillations
in terms of angles. This is because one complete cycle of a wave corresponds to 27 radians.

Lastly, ¢ represents the phase shift, how many units on the time axis the wave has been shifted.
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2.0.3. Passive components

Electrical filters, being electrical circuits fundamentally, only use the following 3 passive

components. [5]

COMPONENT AND UNIT DESCRIPTION REPRESENTATION
SYMBOL
Resistor R Ohms (€2)  Opposes the flow of current

—A\NN—

Inductor L Henry (H)  Stores energy in a magnetic

field (m

Capacitor C Farad (F)  Stores energy in an electric ’ I
field

Table 2: Passive Components

2.0.4. Electrical Systems

Since current (i) describes the rate of flow of charge (@), we can express it as a time differ-
ential. [6]

_dQ

T 4

Similarly, as described by Faraday’s law of induction, voltage (v) in a circuit can also be
expressed as a time differential of flux (¢) [7].

dd

=1 (5)

v

And finally, Ohm’s law describes resistance (R) as the constant of proportionality between
current and voltage.

v=1R (6)
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These 3 equations allow us to define a system of equations that describes the mathematical
relationship between all of our electrical circuit quantities. [8]

<I>:fvdt

Voltage (v) > Flux ()

=

QO
~

|
&|re<

Capacitance (C) Inductance (L)

Resistance (R)

Charge (Q) < Current (7)

Q=[idt

Figure 2: The Electrical System

Similar to how resistance is the constant of proportionality between voltage and current, we
can describe capacitance and inductance as constants of proportionality between charge and
voltage, and flux and current respectively.

This system of equations allows us to simplify all quantities present in our electrical circuit
into any single variable of this system.

This will enable us to model any electrical circuit and specifically electrical filters as an
ordinary differential equation.



3. Ordinary Differential Equations

A differential equation equates the values of any function to the values of the function’s
derivatives. [9]

A differential equation is called an ordinary differential equation (ODE) if the function is
bounded by a single variable. For example:

v”(t) + 50" (t) + v(t) =0 (7)
An n-order ODE will have up to the % derivative.

An n-order ODE is linear if it can be written in the form:

d"y
ao(w)@ +a; ()

dnfly
dxnfl

+ ...+ an_l(a:)j—z +a,(x)y =r(x) (8)

Furthermore, if r(x) = 0, the ODE is considered homogeneous; otherwise non-homogeneous.

3.1. Applications

Differential equations, under the branch of calculus, can describe rates of change in various
phenomena. It has various applications in physics, economics, biology, and electrical engi-
neering.

This is due to their inherent strength in modelling and analyzing systems of change, thereby
allowing us to make predictions about their behavior and evolution over time.

3.2. Solving ODEs

Solving ordinary differential equations (ODEs) can be approached through numerical and
analytical methods, each offering unique advantages. Let’s explore them for the following
example.

d?v dv

9=
de? 3 dt

+7v=0 (9)
3.2.1. Numerical Methods

Numerical methods, such as Euler’s method [10], provide approximate solutions and are
particularly useful when an exact analytical solution is difficult or impossible to find.

Euler’s method uses small steps as a representation of dz to approximate the solution to an
ODE for a specific input. This will not lead to an exact solution, however the smaller the step
of dz that we use, the closer we will get.

Likewise, MATLAB is a powerful software tool that can be used to numerically solve ODEs
due to the power of electrical computing. [11]
ADVANTAGES LIMITATIONS

Can handle complex, non-linear ODEs Solutions are approximations and may con-
tain errors

ORDINARY DIFFERENTIAL EQUATIONS 9



ADVANTAGES LIMITATIONS

Suitable for systems with varying parame- Computationally expensive for large sys-
ters tems

Numerically solving Equation 9 using Euler’s method:

Let,
q= % (10.1)
% = 3—1; (10.2)
We can solve for g—gj in Equation 9
23—24—3%4—711:0 (11.1)
Substituting this into Equation 10
_ _gq _ ;U (12.2)

Now we can choose a constant small time step, At, and start with initial values for v and ¢ at
t=0.

Iterate over a range of time steps:

Upt1 = Up t+ At - dn (13)
3 7
An+1 = qn + At - <_§qn - 51)”) (14)

Until the desired time range is reached.

Or by using MATLAB:
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MATLAB

% Define the differential equation
ode = @(t, y) [y(2); -3/2 * y(2) - 7/2 * y(D];

% Solve the ODE for initial conditions y(8) = 1, y'(8) = @
[t1, y1] = ode45(ode, [0 18], [1; 8]);

% Solve the ODE for initial conditions y(8) = 8, y'(8) = 1
[t2, y2] = ode45(ode, [0 18], [8; 1]1);

00 ~N O~ O & LW N —

—_
D O

% Plot y vs t for both solutions
figure;

subplot(2, 2, 1);

plot(t1, y1(:, 1), 'b');
title('y(8) =1, y''(8) = 0');
xlabel('t'); ylabel('y');

N U (U UL U U
~N o~ Ol &N LW N -

subplot(2, 2, 3);

plot(t2, y2(:, 1), 'b");
title('y(8) = @, y''(8) = 1');
xlabel('t'); ylabel('y');

NN DN = =
N — © O o

% Plot phase portraits y' vs y for both solutions
subplot(2, 2, 2);

plot(y1(:, 1), y1(:, 2), 'b');

title('y(®) =1, y''(8) = 8');

N NN
o1 N W

26 xlabel('y'); ylabel('y''');

27

28 subplot(2, 2, 4);

29 plot(y2(:, 1), y2(:, 2), 'b');
30 title('y(®) =8, y''(8) = 1');
31 xlabel('y'); ylabel('y''');

Listing 1: MATLAB Script to solve Equation 9 using ode45

Which produces two solutions:
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y((]] =1, y'(o) =0 y(ﬂ] =1, y'(o) =0

04

y(ﬂ] = 0, y'(O) =1 y(ﬂ] = 0, y'(O) =1

035 1
0.3
08}
0.25
06t
0.2
0.15 047
= =
0.1 ozl
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O_
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t y

Figure 3: Approximate solution of v(¢) [11]

The phase plot presents how the derivative of v changes as v changes, always approaching

(0,0).

Note the relatively jagged lines, especially in the phase plots. This is due to the numerical
solution used not providing precise enough values.

3.2.2. Analytical Solutions
Analytical solutions provide exact, closed-form expressions. These methods give insight into
the behavior and response of the system and allow for precise tuning of parameters. [12]
ADVANTAGES LIMITATIONS
Provide exact solutions. Not always possible for complex ODEs.

Offer a deeper understanding of system dynam- Often requires simplifying assumptions.
ics.
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To analytically solve any ODE, we must realize that a special property of homogeneous ODEs
are that their derivatives are proportional to each other. This is due to the fact that they are
homogeneous.

The only typical function that also lends itself to this property is y = e"*. Where its derivatives
are proportional to itself.

y=c¢e'" (15.1)
y =re™® (15.2)
Yy’ =r2e’™ (15.3)

(15.4)

3.2.2.1. General Solution of a first-order homogeneous ODE

If we take a general first-order homogeneous ODE ay’ + by = 0 and let the solution take the
formy = Ce™.

C is included as a starting condition and is determined through an initial y and x value.
Substituting the solution and its derivative into the ODE.
a(rCe™) +b(Ce™) =0 (16)
We can further factor Ce™ out and get a simple algebraic expression in terms of r.
ar+b=20 (17)

This is referred to as the characteristic equation, the root of this equation has a singular
solution, r = —%, and so.

y = Ce 52 (18)

3.2.2.2. General Solution of a second-order homogeneous ODE

For a second-order homogeneous ODE, we can assume a similar characteristic equation of
a greater order:

ar? +br+c=0 (19)

However, as you may have already guessed, 7 may have multiple solutions, while the initial
solution assumption of y = €"* only expects there to be one possible value for .

This is because the initial function and its second derivative do not necessarily have a constant
of proportionality.

However, since the ODE is linear or homogeneous, the solution can also be described linearly,
so we can assume the solution to be:

y = Ce"?* 4 Cye™” (20)

Here we have C|e"* representing the relationship between the function and its first deriv-

ToX

ative, and C,e"2” representing the relationship between the first derivative and the second

derivative.

Now we can break it into cases depending on the determinant of the characteristic equation.

ORDINARY DIFFERENTIAL EQUATIONS 13



The first case of distinct real roots is already described perfectly by the assumed solution.
The second case of repeated real roots can be simply rewritten as:
y = Cie™ + Cyze™ (21)
The third case of complex conjugate roots has roots:
r=o4 i (22)
And so the solution would be [13]
y = Cleoz+5ix + C2ea—ﬁim (23)

However, this is an undesirable form as it’s not easily graphable or useful. Luckily, it is rather
similar to the left-hand side of Euler’s Formula, which claims that [14]

e'® = cos(z) + isin(z) (24)
Proof using Maclaurin Series Expansions:

The series expansions of the concerned functions are: [15]

2 .3 a4
€ :1+$+§+§+Z+... (25.1)
z?2 ozt 2f
cos(z) =1— o7 + TR + .. (25.2)
, 3 x5 2
sin(z) =z — 37 + o + ... (25.3)

We can extend the e” expansion for e**.

(@2 | (i2)* | (in)*

e’ =1+ix+ 51 3 m + ... (26)
This can be simplified, given that i2 =—1,4® = —i,4i* = 1, and so on:
o ' 2 g3 gd b g6 T

Now we can separate the real and imaginary parts.

i IE2 w4 11'6 ] x3 CU5 .'L'7
e :(1—E+Z—a+... +1 x_ﬁ_'_ﬁ_ﬁ—i_"' (28)

By separating the real and imaginary parts, it’s revealed that the real expansion is cos(x) and
the imaginary expansion is sin(x)

e’ = cos(z) + isin(z)m (29)

Now we can rewrite the solution.
y = Celethie 4 O elo—pi)z (30.1)
= Cye?®efiT 4 C e Pix (30.2)

14 ORDINARY DIFFERENTIAL EQUATIONS



= e (Cy P + ChePir) (30.3)

= e*®(C} (cos(Bz) + isin(Bz)) + Cy(cos(Bx) — isin(fzx))) (30.4)
= e*®((C] + Cy) cos(Bz) +i(C; — Cy) sin(Bx)) (30.5)
Simply put,
A=C, + G, (31.1)
B =1i(C, — Cy) (31.2)
y = e*®(Acos(fx) + Bsin(fz)) (31.3)

Now we can attempt to analytically solve Equation 9

v d
R s

i Tv =0 32
@ o T (32)

Which has the characteristic equation of

2r2 +3r+7=0 (33.1)
—3+V32—-4-2.7
p= 2% 575 (33.2)
3 47
r=—gEi (g) (33.3)

Since the roots are complex, we can assume the general solution we derived earlier.

o(t) = e it (A cos (@t) + Bsin (@t) ) (34)

Taking the same initial conditions (v(0) = 0,v’(0) = 1) as our first analytical solution.

v(0)=0=¢e%(A-1+b-0) (35.1)

A=0 (35.2)

v (t) = % (e‘it (A cos (@t) + Bsin (@t) ) ) (36.1)

v (t) = % (eit - Bsin (@t) ) (36.2)

v (t) = —Ze‘it - Bsin (@t) +e it B. @ cos (@t) (36.3)

V(0)=1=B. @ (36.4)

B=_+ (36.5)
=75 ,

So our solution will be

ORDINARY DIFFERENTIAL EQUATIONS 15



v(t) = e 1t

VaT

4

S1

4

in (Et) (37)

By graphing this solution, we can verify that our analytical solution is equivalent to our

numerical solution.

16

y(0)=0,y'(0) =1

-0.1

Figure 4: Graph of the analytical solution for v(t)



4. Modelling
There are two ways we can model the sinusoidal voltage and current.
The most common method uses trigonometric functions.
v(t) = Vj cos(wt) (38)
where V} is the amplitude, w is the angular frequency.

However, we can also use Euler’s formula that we explored earlier as a form for sinusoidal
functions. [16]

eIwt = cos(wt) + jsin(wt) (39)

Note that j will be used to represent the imaginary number v/ —1 instead of 7 to avoid
confusion with current.

This form of sinusoidal functions makes it easier to differentiate and integrate. It further sim-
plifies calculations involving addition, subtraction, and multiplication of sinusoids, especially
when dealing with phase shifts.

We can also verify that both forms are equivalent in the real domain. [17]
v(t) = R{V,e**} =V cos(wt) (40)
So we can write our alternating current and voltage waves in Euler’s form.

i(t) = ige’™t =i, cos(wt)
| (41)
v(t) = vye!?t = v, cos(wt)

4.0.1. Components
Impedance and reactance describe the behavior of passive components in AC circuits. [18]

Impedance (2) is a complex number that combines resistance and reactance, representing
how a component opposes the flow of alternating current (AC). It is expressed as:

Z =R+ jX (42)

+ Resistance (R) is the real part, opposing both AC and DC current, measured in ohms (w).
+ Reactance (X) is the imaginary part, opposing changes in current and causing phase shifts
between voltage and

4.0.1.1. Reactance in Components
Reactance varies with angular frequency w and is categorized into:

+ Inductive Reactance X; = wL
» Increases with frequency.
» Causes current to lag behind voltage.

» Capacitive Reactance X, = —%
» Decreases with frequency:.

» Causes current to lead voltage.

MODELLING 17



4.0.1.2. Impedance in Components

1. Resistors:
» Reactance X =0
+ Impedance: Zp = R
« Voltage drop: Vi = iR

2. Inductors:
 Resistance R =0
+ Impedance: Z; = jwL
« Voltage drop: V;, =i - jwL

3. Capacitors:
+ Resistance R = 0
, _ 1
+ Impedance: Z, = el

« Voltage drop: V, =i - ngC

Referring to Figure 2, we are also able to represent the voltage drop of inductors and capacitors

as the derivative and integral of current.

Since we would like to describe them homogeneously in terms of voltage and current, we need

to rearrange the equations.

For inductors.

Thus, we can define,

Proof:

For capacitors.

18 MODELLING
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v=2
C
; (46)
Thus,
= — ) = _ 4
Vo C/zdt i 7l (47)
Proof:
1 [ 1L,
E/Zdtza/(zoej ) dt
r 1, .
= w0 (48)
— L 1 ]
 jwC !

Since all of the waves will oscillate around y = 0, there is no integration constant C.

4.0.2. Circuits

Now that we can model individual components, we can make use of Kirchhoff’s Voltage
Laws to model a full circuit.

Kirchhoff’s voltage law (KVL) states that the total sum of all voltage drops in a closed-loop
circuit is equal to zero [19]

Figure 5: Simple RLC circuit with a closed loop

So we can derive an equation to model Figure 5

szo
o(t) ~ Vg~V — Vo = 0 (49)
v(t) =Vr+V, + V¢

MODELLING 19



Where:
eV, =i-jwl = dfi(f)L (Equation 44)

s Vo =1 JWLC = % [ i dt (Equation 46)

Remember that R, L and C' are constant component values.

So

, di(t) 1 .
= . L+ —
v(t) =1i(t)- R+ % + - /z dt (50)
Differentiating both sides to eliminate the integral.

du(t)  i(t) di(t) d?i(t)
d  C + R dt L dt2

(51)

This is our second-order linear ordinary differential equation that describes the circuit Figure 5
Furthermore, if we assume the initial voltage to be in a steady state, or dg—gt) =0.
We can solve it as we did for Equation 9

For example, if

L=2H
R =3Q (52)
C=7F

Then the solution of Equation 51 which models Figure 5 would have the exact same solution

do(t) d2v(t)
a =0 gz = L

dv(?) -3, 4 sin<\/4_7>

as Figure 4 considering the same initial conditions:

e 4

e
at JAT

(53)

Now, with all the necessary tools, we can model and analyze the response of a low-pass filter.

20



5. The Lowpass Filter

RLC circuits can be used to form filters, the most common of which includes a low pass filter

used in microphones, which looks like the following

R

AAVAY

_|_
Vi

Figure 6: Low-Pass filter

°
E

This filter lowers the voltage of frequencies that are outside a certain range of frequencies.

By analyzing this circuit mathematically, not only can we determine the cutoff frequency

given the RLC component values, but we can also determine component values given the

cutoff frequency we wish to achieve.

However, note that this circuit is in parallel, and there are multiple loops compared to our

previous model. This means we will have to model it slightly differently. [20]

5.1. Model

Using KVL on the loop of the circuit encompassing input voltage, the resistor, and output

voltage, we can deduce that.

0
Ve = Vi -
i-R=V,—

To determine the current across the capacitor.

And so,

THE LOWPASS FILTER

(54)

(55)
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dv,

V.~V =i-R=RC 56
(V=i = (56)
Which written as a first order ODE, as there are only two components
dv,
RC dto +V, =V (57)

5.2. Solutions
The solution goal is to find V, (¢), the output voltage against time, given an input voltage V()

However, since this is a homogeneous ODE model, we have to resolve the differential equation
as a sum of solutions.

Vo(t) = Vou(t) + Vo (2) (58)
Where V,, (t) is the homogeneous solution and V,,(#) is the particular solution for V,(t).

5.2.1. The Homogeneous Solution
The homogeneous equation is obtained by setting the input, V() to 0:

dVon

RC
dt

+ ‘{)h - 0 (59)

According to Euler, all first order homogeneous solutions can be written in the form

Vv

&)

L (1) = cekt (60)
Where c is bounded by initial conditions

Substituting Equation 60 into Equation 59 gives the characteristic equation with root k

RCi(ekt) + ekt =0

dt
kt |kt _
“horiicg ®
1
"="%e
Thus, we can solve the homogeneous equation given the characteristic root k
V() = ce 7o (62)

5.2.2. The Particular Solution

For the particular solution, we first assume that the input voltage will follow Equation 41.
V; = Voel! (63)

Secondly, we assume that the output voltage will be in Euler’s form.
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V. = Aej(wt-i-(D)

op
64
d‘/op — ijej(wt-l-(I)) ( )

BT

Substituting the assumptions into Equation 57.

Rc(ijej(wt—f—(I))) + Aej(wt+<1>) — Voejwt

RCjwAe’® + Ael® =V
Ae’®(RCjw+1) =V (65)
, |74
A j® _ 0
“ T RCjwr1

The amplitude A of the output is given by the magnitude of the complex response

_ Yo
- |RCjw +1
66
% o
(RCw)? +1
And the phase ® is given by the argument or angle of the response.
¢ =LV, — ZL(jwRC +1)
(67)
= —tan 1 (WRC)
Hence,
V,(t) = R{AIWHP)} = Acos(wt + ) (68)
5.2.3. The General Solution
Finally, we can describe the general solution of our model.
V,(t) = ce ®e + Acos(wt + D) (69)
Where,
® = —tan"! (WRC)
B 14 (70)
(RCw)?2+1
The initial condition c is derived at V, (0) = 0, since the response of an passive circuit is non-
instant.
V,(0) = 0 = cerc + A cos(w0 + @)
0=c+ Acos(®) (71)
¢ =—Acos(P)

Since this circuit is very common, we can verify it against literature to ensure that our equation
is correct. [21]
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Our general solution generates the output function given input function along with the

circuit’s resistance and capacitance.

We can graph V(t) and V,(t) on the same axes with Desmos [22] to visualize the behaviour

of the circuit.

+ Ce &«
1
(» w@=800
= 0 8l
@ R =0.06
= o 1
() c=0.06
= o@® 10
g
v,(0)
v (RCw)?+ 1
= 0.32801168897

¢ = — arctan(RCw)

= —1.23659828253
v (0
k = —#)‘ cos(— arctan( L
V(RC @)’ +1
= —0.107591668101
@ Vi(t) = cos(wt)
Q

VD(I) —ke * +Acos(wt — )

+ [ o & L
@ @ =400
= 0 . 8
() R=006
= 0 1
@ C=0.06
v;(0)
v (RCw)? + 1

= 0.570395809495

¢ = — arctan(RCw)
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Figure 7: Low-pass filter at 800Hz
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Find the solution at https://www.desmos.com/calculator/8c111lh5wz°

Comparing these two graphs of the same circuit, it is clear at 800Hz input voltage, the

amplitude of the output is smaller relative to the output amplitude of 600Hz of input voltage.
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This means our model of the low-pass filter is working as expected. However, this solution is

limited as it can only describe the transformation of a certain input voltage.

To be able to better understand the filter, we need to understand how the filter transforms

amplitude in accordance to a range of frequencies.

To achieve this, we will utilize the Laplace Transform.

THE LOWPASS FILTER 25



5.2.4. The Laplace Transform

The Laplace Transform (LT) is an integral-valued transform that converts a function in the
time domain (v(t)) into a function of the complex frequency domain, also known as the s-
domain. [23]

It is defined as:
L{f() = / T et i) dt = F(s) (72)

Where s = x + iy is the complex frequency variable, allowing for us to solve independent
of time.

This is perfect for us, as Euler’s form for sinusoidals makes use of complex valued frequency
in terms of jw, and we have already described the behaviour of our components alternatively
with jw. So, for all of our future LTs, we will take s = jw. [24]

Since we have already described the behaviour of RLC components using complex frequency,
we can immediately convert them into the S-domain.

COMPONENT TimeE DoMAIN S-DomMAIN

Resistor iR iR

Inductor %L i-jwL
. . . 1

Capacitor C [idt e

Note how the Laplace transform reduces calculus operations into just algebra, making it a lot
easier for us to work with ODEs.

To be able to compare the frequencies, we define a transfer function, H (s).

V,(s)
) (73)

Since we have already defined both V,(¢) and V, (¢) in terms of voltage drops, we can convert

H(s) =

them into the S-domain easily.

V(s)=1i - —5 (74)

jwC (75)

Hence, the transfer function will be
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_ __JwC (76)

- JwRC +1

Now that we have the transfer function, we can draw a bode plot. A Bode plots frequency as
the horizontal axis.

We can further plot the magnitude of the transfer function to compare the change in voltage
amplitude over a range of frequency

L 1
()| = e (77)

However, the magnitude change can be quite large, so we will convert it from a voltage ratio
to decibels, which uses a logarithmic scale. [25]

|Hy, (jw)| = —201log /1 + (wRC)? (78)

Due to the large frequency scale, we will use a logarithmic scale for it.

We can also Bode plot the phase change with. [26]
ZH(jw) = —arctan(wRC) (79)
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Figure 9: Magnitude and phase bode plot of H(s)
As we can see, the magnitude of the transfer function shallowly rolls off for high frequencies.
Notably, the magnitude rolls off specifically to —3dB or 1000%i

The frequency at which the magnitude is —3dB is described as the cut-off frequency, this is
the value that is manipulated for low-pass filters. [27]

This gain of —3d B can also be written as a change in voltage
Gain (dB) = 201log;(|H (jw)|)
—3dB = 201log; (| H (jw)])
—0.15 = log; (| H (jw)|)

80
|H (jw)| = 107015 0
H(jw)| ~ %
H(jw)| = —= = ——r
= V2  \/1+ (WRC)?
2=1+ (wRC)? (81)
1 = (wRC)?
B 1
w=E
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Since angular frequency, w = 27 f where f is frequency.

1
If, = ——
7f. RO
(82)
= 1
¢ 27RC

We have derived this equation, which relates the cut-off frequency for a first-order RC low-
pass filter to its component values.
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6. Conclusion

This extended essay explored the applications and limitations of ordinary differential equa-
tions (ODEs) in modelling and analyzing the behavior of electrical filters, with a particular
focus on low-pass filters. The exploration began with a foundational understanding of
electrical circuits, emphasizing the behaviour of resistors, inductors, and capacitors. These
components form the backbone of filter design, each contributing unique characteristics that
influence the overall response to electrical signals.

We further discussed mathematical modelling of these circuits using ODEs. By employing both
numerical and analytical methods, we established a clear framework for predicting how filters
respond to various inputs. Numerical methods, such as Euler’s method, offer approximate
solutions that are invaluable when dealing with complex, non-linear systems where analytical
solutions are impractical and incredibly complex. On the other hand, analytical solutions
provide precise insights into system dynamics, allowing for the fine-tuning of parameters to
achieve desired outcomes.

However, this abstract model is limited. The equations for the component behaviours were
assumed to be axiomatic, but in real life, full efficiency is impossible for any electrical circuit.
Furthermore, the behaviour equations for the components assume ideal behaviour, so there
will be discrepancies between experimental testing and theoretical derivation.

Although this extended essay realized its goal, to further this investigation, we could look at
more complex filters, such as the band-pass filter. This filter requires a second-order ordinary
differential equation to model and, thus, would have a more complex solution. We could
also look at the similarity between modeling electrical circuits and a spring-mass damping
system, as they have the same behavioural characteristics. Lastly, we could take into account
component inefficiencies to make our model more precise and applicable in the real world.
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